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Abstract

While neutrino flavor mixing has been established by atmospheric neu-

trino experiments and solar/reactor neutrino experiments, there are still remain-

ing mixing parameters and CP phase to be explored. In this article, sensitivities

for measuring these parameters by future atmospheric neutrino experiments are

discussed assuming the same set of systematic uncertainties and the same detec-

tor performance of Super-Kamiokande. It was found that there is possibility to

discriminate the octants of θ23. Moreover, if θ13 is close to current reactor limit,

there is a good opportunity to confirm nonzero θ13 and even measure CP phase

in lepton sector.

1. Introduction

Neutrino mixing matrix U , that translates neutrino mass eigenstates into

flavor eigenstates (νe, νµ, ντ )
T = U(ν1, ν2, ν3)

T , is called as Maki-Nakagawa-Sakata
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(MNS) matrix and is expressed as;

U =


 Ue1 Ue2 Ue3

Uµ1 Uµ2 Uµ3

Uτ1 Uτ2 Uτ3




=


 1 0 0

0 c23 s23

0 −s23 c23




 c13 0 s13e

iδ

0 1 0

−s13e
−iδ 0 c13




 c12 s12 0

−s12 c12 0

0 0 1


 (1)

where cij and sij represent sinθij and cosθij , respectively. Among 4 parameters,

θ23 has been discovered and measured as ∼ π/4 by atmospheric neutrino obser-

vations assuming pure νµ → ντ 2 flavor oscillation scheme [1, 2]. Because 2 flavor

oscillation probability is a function of sin2 2θ23, both θ23 and π/2− θ23 give same

probability. This degeneracy is resolved in full 3 flavor oscillation scheme. It is

a important topic to discriminate the θ23 octants by future atmospheric neutrino

experiments. On the other hand, θ12 has been measured as sin2 2θ12 ∼ 0.825 by

solar and reactor neutrino experiments [3]. However, nonzero θ13 has not been

measured and only an upper limit of s2
13 < 0.04 was obtained so far [4]. Moreover,

CP phase δ is experimentally not known at all.

To explore these parameters is one of most important subjects in elemen-

tary particle physics and possibility to measure these parameters by atmospheric

neutrino experiments is discussed in this article.

2. Oscillation Probability

Oscillation probabilities in the case of 3 flavor neutrino scheme have been

discussed by many authors [5]. In sub-GeV energy region, oscillation effect in

electron neutrino flux can be analytically calculated [6];

Φ(νe)

Φ0(νe)
− 1 ≈ P2(r · c2

23 − 1)

−r · s̃13 · c̃2
13 · sin 2θ23(cos δ · R2 − sin δ · I2)

+2s̃2
13(r · s2

23 − 1) (2)

where P2 is 2 neutrino transition probability of νe → νµ,τ in matter which is driven

by solar neutrino mass difference (∆m2
12). r is νµ/νe flux ratio as a function of

neutrino energy. Mixing angles with tilde are effective mixing angles in the earth

and s̃2
13 could become large at 5 ∼ 10 GeV neutrino energy by matter potential. In

order to understand the behavior of these three terms, Figure 1 shows νe flux as a

function of neutrino energy from numerical calculations of oscillation probabilities
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Fig 1. Oscillated νe flux relative to the non-oscillated flux as a function of neu-
trino energy. s2

23 = 0.4 (left) and s2
23 = 0.6 (right) and other parame-

ters are common as (sin2 2θ12, s
2
23, s

2
13, δ,∆m2

12,∆m2
23) = (0.825,0.4or0.6,0.04,45◦ ,

8.3 × 10−5eV2, 2.5 × 10−3eV2). Zenith angle of neutrino direction is taken to be
−0.8. Thin solid lines, dashed lines, and dotted lines correspond to ∆m2

12 term,
interference term, and θ13 resonance term, respectively (see Equation 2). Thick
solid lines are total fluxes.

by taking into account the matter density profile in the earth [7]. Thin solid lines

correspond to the first term (∆m2
12 term) in Equation 2. This term is visible only

in sub-GeV energy region due to the small ∆m2
12. Due to the fact that r ∼ 2 in

sub-GeV region, the effect of the ∆m2
12 term has different signs (νe enhancement or

suppression) in the case of the first octant of 2-3 angle (c2
23 > 0.5) and the second

octant (c2
23 < 0.5). Dotted lines correspond to the third term (θ13 resonance term)

in Equation 2. This term could make a significant contribution in 5 ∼ 10 GeV

region if θ13 is not very small. Future observations of electron excess in multi-

GeV range would enable us to measure nonzero θ13. Moreover, this term has a

discrimination power of θ23 octant because this term is proportional to (r ·s2
23−1).

Finally, dashed lines in Figure 1 correspond to the second term (interference term)

in Equation 2. CP phase effect appears in the region from sub-GeV to multi-GeV

neutrino energy. This term is proportional to θ13 in matter and there may be

possibility to measure CP phase in the case of large θ13.

3. Tools and Assumptions

In this study, atmospheric neutrino interactions are simulated using the

flux calculation and interaction models used in the Super-Kamiokande (SK) anal-

yses [2]. Detailed full simulation of a detector and event reconstructions are

performed by the SK detector simulator and the standard reconstruction tools

[2]. We have obtained Monte Carlo (MC) events which statistics correspond to

100 year exposure of SK.
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Oscillation probabilities are calculated by taking into account the full pa-

rameters in the standard 3 flavor mixing scheme; θ12, θ13, θ23, δ, and two squared

mass difference of ∆m2
12 and ∆m2

23. Here solar oscillation parameters are fixed

to the measured values as sin22θ12 = 0.825 and ∆m2
12 = 8.3× 10−5 eV2. Another

mass difference is also fixed as ∆m2
23 = 2.5 × 10−3 eV2 where normal mass hier-

archy (∆m2
23 ≡ m2

3 − m2
2 > 0) is assumed. Remaining 4 parameters are varied

within the current experimental knowledge as;

s2
23 = 0.40, 0.45, 0.50, 0.55, 0.60

s2
13 = 0.04, 0.02, 0.006, 0.00

δ = 0◦, 45◦, 90◦, 135◦, 180◦, 225◦, 270◦, 315◦ (3)

resulting in 5× 4× 8 = 160 combinations.

These MC events are used as fake data as well as expectation. To make

fake data, the MC is weighted by livetime and oscillation probabilities. Exposures

of the fake data are (1) 20 years of SK (450 kton·years) or (2) 80 years of SK

(1800 kton·years), which correspond to (1’) 1 year of Hyper-Kamiokande (HK)

or (2’) 4 years of HK, respectively. Here, it is implicitly assumed that HK can

achieve same detector performance as SK.

To investigate the future sensitivities, each fake data sets is compared with

the 100 years of MC using Poisson statistics χ2.

χ2 ≡
∑

n

[
2

(
Nn

MC(1 +
∑

i

fn
i · εi)− Nn

DT

)
+ 2Nn

DT ln

(
Nn

DT

Nn
MC(1 +

∑
i f

n
i · εi)

)]

+
∑

i

(
εi

σi

)2

(4)

where

n : suffix for event type, momentum, and zenith angle

Nn
MC : the number of MC events in the n-th bin

Nn
DT : the number of fake data events in the n-th bin

εi : systematic uncertainties (fitting parameters)

σi : estimated size of systematic uncertainties

fn
i : error coefficients.

The definition of χ2 and data binning are same as Super-Kamiokande analyses

[7]. Moreover, same set of systematic uncertainties (εi; i = 1 ∼ 44) is used which

covers uncertainties of neutrino flux, interactions, detector response, and event

reconstructions [7].
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Because the fake data are made from MC events, χ2 minimum is always ob-

tained as χ2
min = 0 with all εi = 0 at oscillation parameters that are used in weight-

ing the fake data. In following sections, sensitivities of each oscillation parameters

are evaluated by ∆χ2 ≡ χ2
min(test point)− χ2

min(true point) = χ2
min(test point).

4. Analyses

4.1. Octant of θ23
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Fig 2. Expected event rate changes in sub-GeV single-ring e-like, multi-GeV sin-
gle-ring e-like, and multi-GeV multi-ring e-like (labeled as MM e-like) event
samples. True θ23 is varied as s2

23 = 0.4 (solid), s2
23 = 0.5 (dashed) , and

s2
23 = 0.6 (dotted). Parameters are assumed as (sin2 2θ12, s

2
23, s

2
13, δ,∆m2

12,∆m2
23)

= (0.825,0.4 ∼ 0.6,0.04,45◦ , 8.3× 10−5eV2, 2.5× 10−3eV2). Points with error bars
represent null oscillation expectations with expected statistical errors for 20 years
of SK.

Figure 2 show the event rate changes in sub-GeV single-ring e-like, multi-

GeV single-ring e-like, and multi-GeV multi-ring e-like event samples for different
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Fig 3. Expected sensitivities for s2
23 and s2

13 at 90% CL with livetime of 20
years of SK. Crosses in the contours represent the assumed true mixing angles.
(s2

23, s
2
13) = (0.4or0.6,0.04) (left figure) and (s2

23, s
2
13) = (0.4or0.6,0.02) (right fig-

ure). We expect to discriminate between s2
23 = 0.4 and s2

23 = 0.6 if s2
13 is

larger than 0.02. Parameters are assumed as (sin2 2θ12, s
2
23, s

2
13, δ,∆m2

12,∆m2
23)

= (0.825,0.4or0.6,0.02or0.04,45◦, 8.3× 10−5eV2, 2.5× 10−3eV2).
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Fig 4. Expected sensitivities for s2
23 and s2

13 at 90% CL with livetime of 80 years of
SK. Crosses in the contours represent the assumed true mixing angles. We expect
to clearly discriminate between s2

23 = 0.4 and s2
23 = 0.6. Even discrimination

between s2
23 = 0.45 and s2

23 = 0.55 is expected if s2
13 is close to 0.04. Parameters are

assumed as (sin2 2θ12, s
2
23, s

2
13, δ,∆m2

12,∆m2
23) = (0.825,0.4 ∼ 0.6,0.00 ∼ 0.04,45◦ ,

8.3× 10−5eV2, 2.5× 10−3eV2).
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s2
23 values. We expect event rate changes in sub-GeV electrons and zenith angle

distortions in multi-GeV single- and multi-ring electron samples.

Figure 3 shows the expected sensitivities for s2
23 and s2

13 evaluated by ∆χ2.

We can expect to discriminate between s2
23 = 0.4 and s2

23 = 0.6 with livetime of

SK 20 years if s2
13 is larger than 0.02. On the other hand, discrimination between

s2
23 = 0.45 and s2

23 = 0.55 requires more data statistics.

Figure 4 show the expected sensitivities with statistics of SK 80 years. We

can expect to discriminate between s2
23 = 0.4 and s2

23 = 0.6 for any θ13. Even

discrimination between s2
23 = 0.45 and s2

23 = 0.55 will be possible if s2
13 is close to

0.04.

4.2. θ13 sensitivity
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Fig 5. Significance for nonzero θ13 as a function of s2
13 for 20 years of SK expo-

sure. From bottom to top, s2
23 = 0.4 (filled circle), 0.45 (filled square), 0.50 (filled

triangle), 0.55 (open circle), and 0.60 (open square). 3σ significance is shown by
the horizontal line at ∆χ2 = 9.2. ∆χ2 is found to be quadruple in the case of
80 years exposure and ∆χ2 = 9.2/4 line is also shown to see the 3σ border for
80 years. Oscillation parameters are assumed as (sin2 2θ12, s

2
23, s

2
13, δ,∆m2

12,∆m2
23)

= (0.825,0.4 ∼ 0.6,0.00 ∼ 0.04,45◦, 8.3× 10−5eV2, 2.5× 10−3eV2).

Figure 3 and Figure 4 in the previous section also show the sensitivity for

θ13 measurements. It is seen that zero θ13 is excluded in the case that true θ13 is

relatively large. We can evaluate the power to exclude non-zero θ13 by calculating

the difference between χ2
min at θ13 = 0 and χ2

min at θ13 = true θ13.
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Figure 5 shows the χ2 difference for each s2
23 as a function of s2

13. For larger

s2
23, the significance gets larger thanks to the θ13 resonance (the third term in

Equation 2). By the livetime of SK 20 years, we expect more than 3σ significance

in the case that θ23 is in the second octant and s2
13 is larger than 0.02. The

sensitivity can be improved by increasing data statistics and 3σ discrimination

will be possible for all θ23 if s2
13 is larger than 0.01.

4.3. CP phase
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Fig 6. Oscillated νe flux relative to the non-oscillated flux as a function of neutrino
energy. δ = 45◦ (left figures) and δ = 225◦ (right figures) and neutrino direction
of cosΘν = −0.4 (upper figures) and cosΘν = −0.8 (bottom figures). Parame-
ters are assumed as (sin2 2θ12, s

2
23, s

2
13, δ,∆m2

12,∆m2
23) = (0.825,0.5,0.04, 45◦or225◦,

8.3× 10−5eV2, 2.5× 10−3eV2). Thin solid lines, dashed lines, and dotted lines cor-
respond to ∆m2

12 term, interference term, and resonance term, respectively (see
Equation 2). Thick solid lines are total fluxes.

The effect of CP phase δ expressed by the second term in Equation 2 can

be seen in the neutrino energy region of 100MeV∼10GeV. Figure 6 shows calcu-

lated νe flux for δ = 45◦ and δ = 225◦. The flux distributions are steep against

neutrino energy as well as zenith angle of neutrino direction. These distributions

are smeared by neutrino interactions and event reconstructions.

Figure 7 shows expected event rate changes in each observed event types
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Fig 7. Expected event rate changes in sub-GeV single-ring e-like, multi-GeV sin-
gle-ring e-like, and multi-GeV multi-ring e-like event samples. True CP phase
δ is varied as 45◦ (thick solid), 135◦ (thin solid), 225◦ (thin dashed), and 315◦

(thin dotted). True parameters are assumed as (sin2 2θ12, s
2
23, s

2
13, δ,∆m2

12,∆m2
23)

= (0.825,0.5,0.04, 0◦ ∼ 360◦, 8.3× 10−5eV2, 2.5× 10−3eV2). Points with error bars
represent null oscillation expectation with expected statistical errors for 80 years of
SK.
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Fig 8. Expected sensitivities for δ and s2
13 at 90% CL (solid) and 99% CL (dashed)

with livetime of SK 80 years. Crosses in the contours represent the true parame-
ters. We assumed (sin2 2θ12, s

2
23, s

2
13, δ,∆m2

12,∆m2
23) = (0.825,0.5,0.04,0◦ ∼ 360◦,

8.3× 10−5eV2,2.5× 10−3eV2).
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Fig 9. Expected sensitivities for δ and s2
13 at 90% CL (solid) and 99% CL (dashed)

with livetime of SK 80 years. Crosses in the contours represent the true parame-
ters. We assumed (sin2 2θ12, s

2
23, s

2
13, δ,∆m2

12,∆m2
23) = (0.825,0.5,0.02,0◦ ∼ 360◦,

8.3× 10−5eV2,2.5× 10−3eV2).

for different δ values. The size of the CP effect is 1 ∼ 3% and it is comparable

with or even smaller than the size of statistical errors for 80 years of SK.

Figure 8 and Figure 9 show the expected sensitivity for CP phase evaluated

by ∆χ2. In the case of s2
13 = 0.04 (Figure 8), measurement of CP phase for

δ = 45◦, 135◦, 225◦, and 315◦ is expected to be possible by 90% CL and even

99% CL measurement is expected for δ = 45◦ and 225◦. In the case of s2
13 = 0.02

(Figure 9), accuracy of CP phase measurements gets worse but some constraints

could be obtained in some cases. These sensitivities don’t depend on θ23 much

and true s2
23 = 0.5 is assumed in these figures.

5. Conclusion

By using detailed simulation of neutrino interactions, detector simulation,

and event reconstructions, future sensitivities for neutrino mixing angles and CP

phase by atmospheric neutrino experiments have been studied. Here, it is as-
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sumed that θ12, ∆m2
12, and ∆m2

23 will be measured with high accuracy by other

experiments and these parameters are fixed in this study.

The effect of each parameters, θ23, θ13, and δ, on e-like events have been

calculated and shown in this article. Then sensitivities for oscillation parameters

were evaluated by χ2 fitting taking into account detailed systematic uncertainties.

We expect to discriminate between s2
23 = 0.4 and 0.6 with livetime of SK

20 years if s2
13 is larger than 0.02. With statistics of SK 80 years, we expect

to discriminate between s2
23 = 0.4 and 0.6 for any θ13 and even discrimination

between s2
23 = 0.45 and 0.55 will be possible if s2

13 is close to 0.04. As for nonzero

θ13, we expect more than 3σ significance in the case of (θ23 > π/4, s2
13 > 0.02) with

20 years SK and in the case of (s2
13 > 0.01) with 80 years SK. Finally, there is a

chance to measure CP phase with 80 years SK statistics if s2
13 > 0.02. In general,

if θ13 is close to the CHOOZ limit, future atmospheric neutrino observation could

give us precious information on θ23, θ13, and even δ.

It appears that the size of oscillation effect is relatively small, especially in

CP measurement. Therefore, it is really indispensable to well understand neutrino

fluxes, interactions, and detector response in future neutrino oscillation studies.
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