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Matter Invariant Approach

1
B=H4+—
2E o

e ﬁaﬁ — Ha,[_.‘; (excepth!’Hee)

We can make matter invariavt identities by using this relation.

H = ﬁdiag()\l, )\2, )\3)UT

A1pAp3A31J = Aq1p003031J

(Naumov-HarrisomSoQtt identity)

im(@0°0+0) = S22

_ 2
J = 512€12823€23513¢7135IN0

Matter Effects — .
CP Effects = SiNo

Both matter effects and CP effects are simple.
Can we also derive the expression of ReJ ?
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Present
4

e Atmospneric Neutrino

053 ~ %, |Azq| ~ 3 x 10 3eV?
e Solar Neutrino

015 NZ-;-_, |Asq| ~ 1 x 10" %eV?
e CHOOZ

AN

013 < 0.2

e -
I

IL' 0 i'l'
it

a\‘“‘ p l
eyl

_ 2
J = ‘§12612J§230235813613S|ﬂ 0
large large

Future

s

. mﬂli{t: .

e Superbeam or Neutrino Factory

613, sgn(Az1), 0

Our Main Purpose

I\/Ieas‘uremer_{t of CP phase
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Formula of Oscillation Probability -

ve — vy, transition

N

P(ve »vy) = |< V,_L|Ue_":HtUT|Ve >|

Uy 0 MINS matrix

: 1 e
' U'HU = ——diag(O,Agl,A'g,l) i_f
S 2E a
= E ¥
cyclic cyclic
P(ve = v,) = —4 Z ReJ¥ sin? Aj; —2 Z J sin 2A};
| () G »
L CP even ~ CPodd )
| | L
(Y JT*. I7* )* = 12 '{. = —— . .
Jeﬂ = UB,I,JUM,\,,(UQJUMJ J=1Im Jw Am = 4EA7’J
vacuum == ratter 3
i 1 R
H— H=H-+ — 0 UTHU = —diag(\1, A2, A3)
2F 0 _2E
Probability in matter is obtained by the replacements
Ugi — U;ai
Az’j—)’AijE)\i_)\j |
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Approach to CP phase and Problem |
= :

CP violation

cyclic
. / .
—4 Y Jsin2A;; «singé
(45)

Pop 7% 0 = CP violation (Vacuum)

'mﬁ‘i"lﬂ v '“iﬂ‘m;-‘l;

Pop = P(ve — vyu;6,a) — P(Ue = Dy; —0,—a)

cyclic _ B
#= —4 Y Jsin2Al;
- (@)
Pop # 0 = CP violation or Matter Effects  (Matter) ﬁ*

x We focus to the 2! understanding of pure CP ef-
fects and Matter effects in P(ve — vy).

~ Assumptions

e Constant Matter -
e Standard Three Active Neutrino Scenario. -

4
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Effective Mixing Angles and CP Phase -

Effective Mixing Angles and CP Phase

Snfis = SR A
| —()02 — a) A
Sin§%2 — ( 5 QA2 +18) 31

()\2 —ad +B8)Bx2— (A5 —ala+ B)Asz 43

cinf2. = Ke. 823 ~+ F2623 + 2G F's93¢93C0S 8 ,—
22 = g G2+ F2 ;F

e . -

(G?e™% — F2¢")s03c03 + GF(623 823)
\/(Ggs%3 + cm§3 ~+ 2G Fs23¢23C0S 5)(Gzc§3 + F2323 — 2G F393cp3C0S )

_,—7,5

1
l

Where

a = m3elz +mi(cisciy + s13) + mi(ciasts + s1s)

B = m3013(m2013 + misis) + mzm%sﬂ
Gs2z = [Asz1(Az—mf — A21) — Do1(Az —ms — A31)812]013§13
Fepz = (A3 —ﬂ% A3z1)Asic12812€13 _
H.W.Zaglauer and K.H.Shwarzer,Z. Phys C40 273 (1988)

£ 65 and & are especially complicatead. }

J = sin 261,5in 2655 sin 2031 cosfz1sin § =7

5

56



Simple Derivation of Exact Formula

cyclic cyclic
P(ve = vy) = —4 Z Rejriff.SinQ A;J -2 Z jSiﬂQA;j
(i) - (i)
wii R . T _ 12
Jei = UeilU i (UesUL5)" = 1ImJgg

We only haveﬁ'tg calculate 'U@U!‘ji to learn P(ve — vp).

w L m———

e

1

-
.

4

-rt-["‘i

Unitarity
Ue1Ufy + Ue2Ujin + UeslUy3 =0
Hey = Hey
MUe1Ug1 + 202U + A3UesU)s = p
Hep = Heyp
MoA3Ue1 U4 5F A3 102U + MAaUesU)s = g

T e
RToF A Beape @

LI

(He,u = HerHrpy — He,qurT)
TR p..+q p=2EH,,
= Veillyi = ANV { ¢ = (2E)*Hey
Matter Effect = ..
CP Effects => A,D,q <
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-—

= +3

Effective Masses |

No1+ Az + -
Ap1Azy + [Azl(l — 595¢%3) + A31(1 — 813)15 |

1 == 27 — 9., P EIVAG T WA 1:
cos | = cgs 1 T 21 31012613
3 (-7 — 3i )3/2

&~
|-

S
I

Remark
There is no CP dependence in effective masses.
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o
Matter Invariant Quantities p and ¢ |
p= A2 UU 5 + A31Ue3U 5 |
q =_421A31U81Uu A}

‘.“TT‘N

* Standard Parametrization

€13C12 | 13512  s13e7
U= | —co3s12 — s23s13¢12€"  co3C12 — 523513512¢"°  823C13
823812 — C23813C12€"  —s23C12 — 23813812 cp3Cis
— ""'"715 — _'?15 o
p=pie =~ +p2, ¢g=gqie T+ ¢ 3
B3 & s _p)\z'_l_q e
Veilli = XX
Jre= ke
* —14
Ue'LU S 16 + X2
o ‘7"-’0-"‘5_;'—"-'
9
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CP dependence of P(ve — vy)

P(ve — vy) = Acos$ + Bsing + C

P(ve — v,) has only linear terms in cos é and sin 4.

4]

lla.,“..ﬁ:'

Exact = -
: i
CyClic -
—8J; A A A — D A
A= Z Do [ 31AJ;(A1¢2 31) + | cos Al sin Al sin AL,
8A FAGLYAN _— N
1223 3% J,sin Al sin Abg sin AL,
 ApAx3Asg
cyclsc
— Z —4[5%3::3232%3%%1)‘{')‘3' + Cil sin2 AL
— DiiA12A23037 “
(25)
?}E A1~ Aoi, Ao~ Az, Az ~a _ f
(A1 ~ Ao, Ao~ a, A3 ~ Az;) d
Approximate
S AVASWAN . .
A ~ a(;;l_ ;’)1 cos A5 sina’sin(Az; —a)’
8J, A2 A : . .
B ~ a(rA?jl_ ;)1 sin A%, sin a’sin(Asz1 —a)
4NZ. 52, 52,2 \ .
C o~ 3152351313 ¢in2¢ Ay — o)
(D31 — a)?- (As1—a) B
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CP Trajectry as an Important Tool ‘ | B

A R g W
- )

CP trajectory

P

My}

| ‘
- o
1111““

P

“Minakata and Nunokawa, hep-ph/0108085

P = Acosé+ Bsind+C 51

%m Acosé + Bsiné 4+ C =

CP phase canrbe determined by | =

4 )

(AP — AP) — (AC — AD)
__ AB-AB _
COS o (B _ BED) _ (B_O — BC)

singd =

11
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0. Genmlizéfién 1o Another Chonnels - |
o e o
ioelte,)

[ 2=9)Ta 25
* U U; + UazU;: T erU(;; = Saﬁ

o= e 5 - A
( N UatU3| 1"3 UazUBz ‘T)\s U:JBUBB ‘P:p —g‘%
Hh = Horblag = FogFlyy = Fog 205
\ . Azhmlag t AA azz@ *Ai)\zanUg -7'-%‘\;5
b Armgtecr
*%8)\ 't‘%:aﬂ 8049)\:.(&1'/\@) | _?f |
Uni Uni = X
A trH=MtAt,
Bot ﬁ(Poe S«aﬁﬁ)&f%oe -
Ah& -
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| qelie ALY ol ALY
P(verve) = 4Z> ke T si ( )*‘U% sin (5 )
| )\;1‘ %et |
U ,U i = °’i» =
er Ut ij AL& ‘
Pec= Ay UozU:z t+4; UeaU-; = (Pa;)' e i$+ (Pec )z
| | %et=A2!A3| U@U; = (%ﬁ:); e—-iS + (%er) |
== (Pev:). (ﬂar*Az.Sn)ng?nCu (Bt)z"' "42451201535(:;3 —é‘%
3t
(%et) Aﬂﬂle«zC:as Sia Ci3, (%)= 4,4, 9,_(:,2523(:.3
— N>k
F&p, %e)“ é '. :) FEt, %et
5\1369 Cz}
Ca3 € —523 g&
CP ARGIE (X

P( Ve Ve ) = Aet COSS"" BS’I'IOS + Cet
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P(u,.m) —4% Re Tt S‘m( ) 2T fhcsm(

Pp‘tA& ﬁf&&, d
UMLUD | 23' Aﬁ&
)
( %ﬂ Heche H Hee Hﬂ't
= Hetme- (Hes1a) Huc -
;1; = HE,CH,AQ MeeHpe = aﬁg_g 14
A 3*’;/ b
A\ '
Uwuu 7 .t(/\‘“ =) fj_&t

25 B
" &i“*&.Un UZ+4s UaUss =(BA?.) o (Bt (Bm)g e”
| fre= L Aa._ U,.. Ud= (3 €% (Bt (%,,r),.,
t (k= ~AaSnCaSis, (Boh=[0sG- i (ch-23)] oG
(Bc)y= D5uCS3Sis
(840, = Drlin 3Gl | ($c)= Bl (~5a1G5i)55Gs

($e)s= —AndeySieCreSz 51

CPAsE L&
PV V)= ﬂmsﬁ+ﬂ cos23+BsmS+C,¢
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P(vesve) = | = Plve=t) = P(veosVe)
*f+4gc(R_cJ + ReJar )s'n( )

il v
.!I.;-‘;c-‘q.' e "“‘?“"I"'

 (RrIRAA ¢ ml )+ Re(pdR g s
5 Zn.zzs z‘:‘l

[ (PP PP’ 2PBcosB \
IQB,.“;%'! T%‘z'!' 2%1%10’?8

\ RE(.P%*};‘ Fn%ff P zcﬁ'zT (Picl'z'l‘Pz%'l) COS‘S j

.(Pe»);: (Ds—045:)5:53Css (Pee),= (O5=2aSk ) :515Cen
(Pep),= DaCiliCis - (Pec),= =Dy CpaSsCi
(Bep),= —A582Ci2 5556Cs (%)= =Ll G oz S Cas
(%= grARYAM 9&%ng3 (%ex),= +DDxSulia5Ci

Re j‘;,? = ?E%Cz,; cosd x + 2\
Re J-eiz)' =~ S C23C°$SX ‘DT O
& CPARGBAELS

P( Ve Ve) = Cee
S l-z;,t/\</v?“</r;1 LTe )
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D)= | ~Plsrbe)~PlU V)
P( VA‘;%)‘: Agcesd ~Bsing + Con
| +) PV i) = Axces§ + A'cos28 +B5ing + Cur
(At A+ K23 Gyt On)
\ | Y

ot)? " id
Pyorth)= Apcoss — Acos28 + Cpa

Plk-1e) =’%J:- P_(Ve-wc) ~PUlhrz)

P(Vese) = Aeccss ~BsinS +Cec

+) Py k) = Awon§ +Ae0525 + Bsing +Co

(Aet‘l‘ Ap«r)CDFS 'I'A cos2y T (Ce{}' Cp’c)

Ot"-z P c" Vt) Au:CDS'S ACDS‘ZS T Cu:

% -
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‘1 Eﬁec'hve M!xmg Aug!es amd CP PhﬁSe | |

S"'?'____ | P(z\z‘"ot)\z't-B)A,l | ga
2 ABL(A; DQAH'B) A3l(/\ __o(/\l_l_ﬁ)

'ST:: )\3 0‘/\31‘6

A?l ABZ
- E'st tFlcws +2EF55G Cs
CEBErF o
Sl 1B e st EF(cr53) {
‘fE%”*Fa’*ZEF’nCnCSX EentF s,,—-ZEFs,,;cz,cs)f L
23T ‘
o= i3 ctms (Cica tSi3) tmi(cisitss) \

B=m3Gs (micitmisy)+mim;ss

E= [Am /\3 Q*Azl) ﬂzn(/\a iy~ A")S"-]Ctﬁ,a ?¢
\ F A‘-} A?l)A?JCuSQzC(; o | / L3

g P . ‘- !
R P | o2

4

EREE My R K

RO I 1S L S L7 ? i
kY ;

N-%‘L‘M”i‘
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UmUw _Soe)\rl-(Poa MH)/\”“@
f‘” 4, ﬂh@ ’!
\ epee tfﬁst ‘
1= (Pt P )i +
AT
o« - B
s 2. 7l “'{(’1
Si = eral Tﬂ-— D Ok
L;{ [ Uel'= ‘3:;2C32 ertl Q?Cr';l &Y irz 'L'({“J‘
| Unl’
¢7¢ w2 _ k:z_ _ ~ (Ni—oA 1t B) By -
\ TR A Qi)=& (i-aktg)
b lff—tue,bu..,..l kgl
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HeeTQ."“)\f_ J‘_THE}* Hez
He ~Huwd He |=0 t
Hre Htp Hee =
Hee = )\ He Hec H e He
( eere mt/\ HM: )Ta( F:_l/\ H t__/\)‘O
Hze H'u\ H-ct-)( ks A
~Oem-po- )+ 00kl )=0 ) |
2 4%
| _ o e
h"(Hw Hu-.) oGAIE
""‘73 T"h &.1"92:_ d h |
t
|Dafe AlButheasats P TE
" A;j A;B. |
(Xﬂ'ﬁ )( '“ﬁz) ‘:—‘}t’
:;T »j Ai& :

l Gei n Uezlz'l 'Uegr‘ = EAQ\ ff"ﬁ!ﬁ X &:R& )S)\;-ﬂ; )

(802287)" ) &l
= & Lz(’"z ﬁAXW‘;-ﬁA)( m=R;) A%)

(2n22,)
F2
220l UnUelis | = BuBliy |UaVeles] e
o 52050 |
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= e e

DD Do SeCa55 53505 S5 =BllinlnSuliSnCis S CiSy ~

e -

; Mlinf .
| . !

s

-:M‘Mli’l: )

220(BEX 1~ T3
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Reje::. == (G: -9;;' )J v cos O + SéGfC.;' (S;Sl;" ng)
’?e I;i = J y.COS‘ 0 — 9:15223(:‘;9;
Re Jon= —Jycos8 — C253CnSn

30 jr Si2Ci2523Co3 5]3513

A]
; 9@-'*; oy £CrbTHTU3 [ T
CJP/D?‘Z?-/}EED\ 7922133 |
. S‘:az €5 13 @S, SmS o l?’i’mIEmH //
Motter Inveviart AFProacf" «‘:ﬂ bﬁﬁ%?}\ /’(=Br L3 B
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Decomposition of NHS Identity

1T T i E 2 L er Y I! -a
R =

e Toshev identity

§23C2385 = $23C235;5

Toshev identity only depends on 6,3 and ¢

A}
e New identitys 1
A12A23A31512812513855 = A1223/\31512C12513C5 5 |
New identity only depends on 81, and 613
e Naumov-Harrison-Scott identity

— — -~ — D)~ ~ _ 2 k"
A12A23A31812612§1§61382362335 = A12A23/A31812C12813C713523C2355

NHS identity is decomposed by the product of
61> 613 and O,3 ¢

Question:

[Can we extend this fact to the case of arbitrary matter? } B

Ta
r3
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CP_Qgpendence of Hamiltonian

Effective Hamiltonian
Hee He,u Her
H= |\ Hye Hy Hyr
H're . HT,LL HT'T
Matrix Elements |
Hee = Aglcigs-%Q -+ A318%3 + a(z) ' %__f
H,, = A21(C%C§2 -+ S§3S§38%2 — 2¢23523€12812813C0S6) hé
+  Asisiseis 31
Her = Ao21(s53cis + 53513815 + 2¢23523€12512513C0S0)
+  Asiciscis |
Hey = Aoi(c13c23s12c12 — €135135235506 ) + Ass1zcizsoze”
Hyr = ODoai(s23cas(sia — ciz) + s13s12012(s33 — c33)e™)
-+ A31823.023C%3
Hye = Ao1(c13523812¢12 + €13513¢23550€°) + Aszys13c13¢238™%
Remarkable Facts | 3:
e H.. only depends on matter potencial a(z) i
e H.. does not depend on ¢ and 6,3 |
We guess

[ 4 and A-5 would be not influented by Matter effect j

even if it.is in arbitrary matter profile case.

= - B

13
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Decomposition of Hamiltonian

Standard Parametrizationl

U = 023750137 {012
where
s = diag(l,1,e")
Decomposition of Hamiltonian
L |
H = E(Ud?;g(oa AQl; A31)(]Jr =+ diag[a(t), 0, O])

1 y _
= —2--E—OQ3I_5 (013012dlag(0, Doy, A31)Of20{3

+ diag[a(t),0,0]) rtoZ,

where we use

- [O23,diagla(t),0,0] = O
s, diag[a(t),0,0] = 0
'[réadiag(OaA21aA3l)] = 0
and we define_ _
H’(t) — ﬁolg,olgdlag(o, AQI: A31)O{20{3

Decomposition of Hamiltonian

H(t) = [025T 5] H'(£)[0237 51"

[ Separation of 815, 613 parts and 8>3, ¢ parts ]

i
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CP Dependence in Arbitrary Matter

Schrédinger equation
- Y Y
— = H(t — = H'(t
5 = Htw, i (&)
where
v = [O237 4]y,
Time evolution operator S(t) o
v(t) = §(HV(0), V(t) = S'(£)v'(0)
and 2 LE‘
S(t) = [02375]8 () [023s]"
_See — S;e
Spe = SLeczg - 3,5.68236“5
Sre = —8}.523 + Si.coze”
Su‘u = S,imCEB -} SLTC238236-?;§ -} 84#02352361:‘5 + S;.TS%:;)
Sry = —S’ ,C23823 — SLTSEB)J“) - S’#c§3e"5 + S! _co3s23 3
ST’T = S, 323_ _,,:_S +C235823€ —i0 _ ST“C233236N5 + S;.,r623 " :E

5 Pt
Main Results .,(P(Va — vg) = Pap)

Y

Pee = Cee

Pey, = AeuC0so+ Bwsm 0 + Cey

P., = A.C056 -+ Bersind + Cor
P, = A,ucoséd+ Byusind + Cpuy + Dpucos 26 + Ewsm 20

P, = A cosé+ Bsind + Crr 4+ Drrcos26 + E--sin 20

P, = Aucosd+ Byursind + Cpur + Dyrcos28 + E,-Sin 26 ||~

15
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Overall Feature of CP Dependence

o '3
* Poe = Coo=15"1%, "
* Ppy = AeuC0So —I— Beusino + Ce”,
Ae,u = QRG[S 1623823, '
Be, = —QIm[S“e 78]023823,
Cep = |5 e|2023 + |5, I28237
P, = Ag;cosé+ Be,rsm O+ Cer,
Aer = —2Re[S).S) Jeazs2s, L
Ber = 2Im [S STe]CQ3823, : i_;f
Cer = |S ‘2 3. .+ i 126233 ' :"—‘Z
x Py = Apucosd 4+ Buusiné + Cpy + DypCos 26 + Eyyusin 2635
Ay = 2Re[(S),c35 + Si,553)" (5L, + S, )]eazsos,
By = —2Im[(8),c35 + Sr,533)* (S, — S, )]c23s2s,
Cuu l S, 0%3 +S; 3§3|2 + (‘S}HQ + |S;‘,u|2)c%38%3
Dy, = 2Re[ST[J,S;J,T] ¢33533
By = 2Im[5m5;w]0233%3a
x Py = A;;cosd+ Bysiné + Crr + DrrCcos 26 + ESin 26,
Arr = —2Re[(S,,535 + Si.c33)"(Sh, + S5, )]cazsos, 33
Brr = 20M[(Shyus3s + Sircda) (S, — s;T)]cggszs,
Crr = |85, s5% + SL.c33]* + (|5,’n|2 157 ,12) 53853 P
D = 2Re[STMS;.LT]CQ3S%37
Err = QIm[SmS:w]Cz?,SQ:sa
P, = A, cosé—+ Bursind + Cm + D,;c0s 20 + Eursin 20,
Ay = “QRe[(SL,u, — 5,..)*(Sr,c53 — S’ 553)]c23s23,
By 2Im[(S], — S ) (Srucss + Sur 323)]623523;
Cur = |SM7523 ,,u, %3|2 + (ISLM >4 S ’Tl )023323
Dyr —2Re[S},S,,1¢33533, <
By = —-QImem Syrlc33833, Bhes

16
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}
‘_.l‘*.
bt i s b

| = v entry point
= v endpoint (detector)
M = trajectory midpoint
= generic v position
x = MP = trajectory coordinate
r = OP = radial distance
1 = nadir angle

: T _ 3
X “inner core . E
outer core o7
MANTLE
lower mantle
transition zone
upper mantle
= . g
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CP Dependence in Symmetric Matter

PREM is 1D model, so matter potencial is symmetric.
Time evolution operator is symmetric
<! !
Saﬁ Sﬁa
: T T A
g = (515253 -535251) éﬁ
T _ T ToT T oT oT 3
L— 818283"'538281 7 i
v . - 818283---538281‘ —_— Sl
In symmetric matter
By = —2co3s23Im(S),c35 + 5, s%s)*w;u - 8] =
Buy = 2Im[ST}LSILT]CQ3S23 = 21m[l A|?1¢33835 = O
Bq-q- e 2023323Im[(8“'u‘323 + 023) (S';‘[.L — S;J'T)] =0 é}
Err = 2Im| %,@Sm c33833 = 2Im[|S,,,[*]c3385;5 = O i
By = —2Istwng]c23s23 = —2Im[|S,,[*|33s3; =0 =
E;, = 2Im[S; S, ]c3383; = 2Im([|S] |2]0233§3 =0
Main Result
Pur = Aurcosé + Byrsing 4+ Cur + Dyrcos 28
Py, = Apucosé + Cuy + Dyyucos 26
Prr = Arrcoséd + Crr + Dr7C0OS20 -

18
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Comment-on other Exact Formula |

d 2
Question:

[ Why is ZS exact formula so complicated ? j
Answer: .
H = —2-E-023|_5 Q013012d1ag(0 A21,A31)0120 o

3 - it
e + diag[a(t), 0, 0]) ItO%; 3t

= EOzsrg (023013ol2d|ag(0 Ay, A31)01,01,0% 3) '_3;023

23 block of Os3 |_5623

_{ cosfaz  sinfas 1 0 cosfsz  sin gz

— \ —sinfy3 Cosbas 0 e¥ —sinfdz3 cosfs

. et O COSs 523 sin 9;23‘ 1 0~

- 0 et¥ —sinfaz cosfyz / \ O e¥ 5:
&5 = diag(1,¢7,¢%) |

02375023 = Uy, ;02305

Finally
H = ELrI¢023r5013012diag(0 A21:A31)0120 rTO U’T;’l/) .
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Conclusnons | -

x Exact and Simple formula in constant matter

o0
|

Cee

Peyy = AeuCoséd + Beusind + Cep
Per = AerC0S6 + Bersino + Cer i'
Puy = Apg0sé + Cpy + Dyucos 26 5
ArrCOS S + Crr + D7rcos 26 SREL
AyrCosé + Bursind + Cur + DyrCos 26 |

el
S
|

Exact formula for A, 3, B,s and C,g has been derived

N

x Qverall feature of CP dependence in arbitrary matter

o0
I

Cee == =
chogé + Beusind + Cs, B
AerC0S6 + BersSind + Cer

Apucosé + Buusind + Cuy + Dppcos 26 —|— B LuSIN 20
Arcoséd + Brrsiné + Crr + Dyrcos 26 + EprSin 26
Aurc0sd + Byrsind 4+ Cur + DyrC0s 26 + Eyrsin 26

=
Il

-.1

-_1

-_1

LR
Il

*x CP dependence in symmetric matter reduces to
same form as in constant matter
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